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Show all your work.
20 points each.
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1. Let M = 05 1 1l Find the rank and the determinant of M by
11 .2 5
reducing it to a row-echelon form.
2 11
2. Let M=} 2 1 -21. _Find the eigenvalues and the corresponding
-1 0 -2

eigenspaces of M.

3. Let T : R3 — R3 be defined by T'(z,y, 2) = (9z+2y+2, 9x+y+z, z+y+9z).
(a) Find the matrix M of T with respect tu tli> standard basis of R3.

(b) Let B = {(1,1,0),(1,0,1),(0,1,1)}. Show that B is a basis of R,

(c) Find an invertible matrix P such that the matrix of T with respect to the
basis B is P~1MP. |

4. Let {u,v} be linearly independent in a vector space V, and let v/ = au+bv,
v' = cu + dv, where a,b,c,d € R. Prove that {u’,v'} is linearly independent
if and only ad ~ bec # 0.

5. Let T : U — V be a linear transformation of vector spaces.
(a) Prove that the kernel ker(T) of T is a subspace of U.

(b) Prove that the image im(T") of T is a subspace of V.

(c) Prove: dim(U) = dim (ker(T)) + dim (im(T)).
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