FT RE 106 25 5L B M SR BEE A8 2 HXEM

AR B ZFR
XAl A6RB (EHN)FE2H

F B RS
AL 5 k4,1 7

25 - !

Each problem is worth 20 points; parts of problems have equal value.

1. (20%) Consider the differential equation
' —(x=1)y' =y=0.
(a) Verify that y; (x) = ¢* is a solution.

(b) Find the Wronskian for the equation.

(c) Use variation of constant to find the second
solution,

(d) Find the general solution of the equation.

2. (20%) Use the Frobenius method to solve the
equation
20" +y +y =0,

i.e., find the solution of the form y = Z a, X+’

n=0

with ag # 0.

(a) Show that x = 0 is a regular singular point of
the equation.

(b) Find the possible values of s.

(c) Obtain the recursion relation with respect to
each value of s.

(d) Find the general solution by giving the first
four nonzero terms in each series.
3. (20%) Let f(x) =xforO0<x < 1.
(a) Expand f(x) in a Fourier cosine series.

(b) Sketch the Fourier cosine series over three pe-
riods on a symmetric interval.

(¢) Describe the convergence of the Fourier co-
sine series of f(x) found in (b).

(d) Usie the Parseval identity to find the value of
an infinite series.

4. (20%) Consider the eigenvalue problem

Y'+Ay=0 (0<x<1),

(a) Solve the problem with boundary conditions
y(0) =0and y(1) =0.

(b) Continued from (a), determine if A = 0 is an
eigenvalue,

(¢) Solve the problem with boundary conditions
y'(0) =0and y'(1) =0.
(d) Continued from (c), determine if A = 0 is an

eigenvalue.

5. (20%) The first three Legendre polynomials are

Pox)=1, P(x)=x, Px)= %(3.762 —1),

where —1 <x < 1.
(a) Calculate P3(x) from the Rodrigues formula.
(b) Verify that P,(x) and P5(x) are orthogonal.

(c) Express the polynomial f(x) = 5x°> —3x? —
x+ 1 as a linear combination of the Legendre
polynomials.

(d) Expand g(x) = |x| in a Fourier-Legendre se-
ries on —1 < x < 1. Explicitly calculate the
Fourier-Legendre coefficients ag, a;, a2, and
as.




