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1. (a) (5 points) Let m, n and r be integers. Ifm and r ave relatively prime, show
that, v {mn implies that 7 |n.

(b)Y (5 points) Show that p € Z is a prime if and only for all integers m and n,

plmn implies p|m or pin.

2. Let G be a group of order |G} = 2006 = 2 x 17 x 59.
{a) (5 points) Show that G has a normal subgroup of index 2.

(b) (10 points) Show that G is either isomorphic to a cyclic group or a dihedral
group.

3. Let R=7Z\V-1} = {a+b/~1|a,be T}

(a) (10 points) Show that if a® 4 b% is a prime in Z then @ + by/=1 is a prime
in 2. Give an example to show that the converse is not true.

(b) (5 points) Let J =< 143y/~1 > be the ideal generated by 143 v~1. Show
that Z[/=1]/T = Zyo.

(¢) (5 points) Show that in general if T C R is an ideal, then R/ is finite.
4. Let G be a group of order pg where p < q are primes.

{a) (5 points) Show that G has a normal g-3ylow group.

(b) (5 points) Show that G is cyclicil ptq~ 1.

(¢) (10 points) Find all groups of order 21 up to isomorphism.

5 beba, by, -, bm-o € Z such that a > 0. Lel p € Z he a prime. Let
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{a) (10 points) Show that g, is irreducible over Q.

(1) (10 points) Show that g, has m -~ 2 real roots and a pair of complex roots.

6. Let IR be a principal ideal domain.

(a) (10 points) Let (a1) C (ag) € oo be a chain of ideals in R. Show that
there is ;€ N such that (a,) = (as) for r, s 2 m. }.

(b) (5 points) Show that for any a € R there is an irreducible number p such

that pja.




