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Answer all gquestions. Show all work.

(. Lot ¢: G- G be a group homomorphisi. Let |G| and |$(G)] be the
order of |(7] and order of |p(G)] respectively. 1t |G is finite, show that
|p(()] is finite and is a divisor of |G (10%)

2 Let ¢ G- 1T be a group homomorphism and let I = {a € G|¢p(a) =
ey} where eq is the ideutity elewent of 1. Prove that I is a normal
subgroup of 4. (10%)

3. Let ¢ @ Zyg - Zyy be the homomorphisi where ¢(1) = 10
(a) Vind the keruel of ¢.

(h) Lists the cosets in Zyg/ker(¢), showing the elements iy each coset.

(c) Find the growp ¢(Zy).

(15%)

4. Let IR be the field of real munbers.

(a) Prove that the set T = {(8 [:> la,b € R} is a subring of M(R)
(83
where M(R) is the ring ol 2 x 2 matrices with entries in R.
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(b) Prove that the sel [ = {<()

0) |b e R} is au ideal in the ring T

. - . , , i U
(¢) Show that every coset in /1 can he written in the form (8 > +
a
T.

(18%)
5. Lel Q be the field of rational nuinbers,
(a) Prove that Q(v2) = {r -+ sV2]r,s € Q} is a subfield of R.
() Show that Q(V2) is isomorphic to Qa]/ (2 - 2).

6. Let C be the field of complex numbers. Prove thal the function f :
C - C whicli is delined by f(a 4+ bi) = a — bi for auy a+bi € C is an
isomorplisin, (12%)
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. Let be the ring of integers, 1 p is prime tuteger and M == {(pa, b)|e, b €
7.}, prove that M is a maximl ideal in Z x 2. (10%)

8. Show that 2% — 3 and 2% ~ 22 — 2 are irreducible in Qo] and find their
splitting ficlds. (10 “o)




