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1. Let S be any subset of a group G. Show that Hg = {z € Glzs =
sz for all s € S} is a subgroup of G. (10%)

2. Show that a group homomorphism f : G — G' is a one-to-one map if
and only if Ker(f) = {e}, where e is the identity of G. (10%)

3. Let f : G — G’ be agroup homomorphism, and let N’ be a normal sub-
group of G'. Show that f~'(N') is. normal subgroup of G. (10%)

4. Let f: R — R’ be a ring homomorphism and let N be an ideal of R.
Show that f(N) is an ideal of f(R). (10%)

5. Show that (z) is a maximal ideal of Q[z], where Q[z] is the ring of
polynomials over the field of rational numbers Q. (10%)

6. Let n € Z* be square free, that is , not divisible be the square of any
prime integer. Let Z[v/—n] = {a + iby/n a,b € Z}.

(a) Show that the norm N, defined by Na = a?+nb? for @ = a+iby/m,
is a multiplicative norm on Z[v/—n]. '

(b) Show that Na = 1 if and only if ¢ is a unit of Z[v-n].
(20%)

7. Let E be a finite extension of a field F, and let p(z) € F{z] be ‘ir‘re-
ducible over F and have a degree that is not a divisor of [E : F]. Show
that p(z) has no zero in E. (10%)

8. Show that the cyclotomic polynomial

P 1
®,(z) = zx_l =242 4 b+
is irreducible over Q for every prime p. (10%)

9. (a) Describe the elements of the Galois group Gal(Q(V?2, Vv3)/Q).
(b) To what group is Gal(Q(V2, V3)/Q) isomorphic?
(10%)




