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Answer all questions . Show all work.

Let f: G — H bea squeCtive homomorphism of groups with kernel

K and let M be a, subgmup of H.

" (a) Prove that there is a subgroup N of G such that Il C N C G and

N/ I is isomorphic to M.

(b) If M is normal in H, prove t that NV is 1101111;11 in G and G/N is
isomorphic to /M.

- (15%)

. Let M and N be 11.0rmaﬁ._.subgroups of a group G with MNN =< e >.
- Prove that & is isomorphic to a subgroup of G/M x G/N.  (11%)

. Let K be a Syldw p-subgroup of & and N a normal subgroup of G.If

K 1s a normal subgroup of IV, prove that I{ is normal in G. (11%)

. Show that the pxlnc:lpa,l ideal (z) in Zlz| is prime but not maximal.

(14%)

. Show that 22 — 3 and 72 — 21 — 2 are irreducible in Qlz]. Find their

splitting fields. (11%)

- (a) Let P be the ideal {'2{1 +- (1 +v/=5)0| @, b EZ[\/—]} in Z[v/—5].

- Prove that 7 + s4/=5 € P if and only if r = s (mod 2) .
(b) Show that P? is the prmmpal ideal (2).

(15%)

7 (a) Let w = =13 o 5 complex root of 1. I‘ind the minimal polyno-

8"7’(&) Prove that the set S of matrices of the form (

2
ual p(z ) of W OVEr Q and show Lha.t w? 15 also a mot of p(.L)

(b) Find the Galois group GalgQ(w).
m%)
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. b) a, b',.c,d c R}.

) with a,0,c €

R is a subring of M (R), where M(R) = {(

c d
(b) Prove that the set; ] of matrices of the form (8 8) with b € R

is an ideal in the ring S.

(c) Show that there are infinitely many distinct cosets in S/I, one for

each pair in R X R.

- (12%)
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