Z = 4R # B - A4

1. Let M be the set consisting of m X n matrices with real entries.
(a) Prove that M is a vector space over R. (5%)
(b) Give a basis for M and find the dimension of M. (5%)

2. Let A be an n x n matrix with real entries. Let W C R™ be the null space of A,

and let ¢ € R™ be a particular solution to the system AX = B. Prove that ¢+ W is
the complete set of solutions to AX = B. (10%)

3. LetT : U — Vand S : 'V — W be linear transformations. Prove that the

composition SoT : U — W is again a linear transformation. (10%)

4. Prove or disprove each of the following statements.

(a) If W and U are both subspaces of a vector space V', then W NU is also a subspace
of V.. (56%)

(b) If W and U are both subspaces of a vector space V, then WUU 1s also a subspace
of V. (%)

(c) det({A + B) =det(A)+det(3), where det(A) denotes the determinant of a square
matrix A. (5%)

5. Let §: R? - R? and T : R? — R? be given by

S(.’Il‘, y) — (.’I? + Y, 2?})1
T(x,y) = (v —y, 2, 2y).

(a) Find the matrix representations of S, T and T o S relative to the standard basis.
(67%)

(b) Find the matrix representations of .S relative to the basis {(1,1), (0,2)}. (97%)

(¢) Evaluate S199(1, —1). (10%)

1 1 0 0
0 1 1 0
6. Let A =
0 0 1 1i
-1 0 2 1

a) Find the characteristic bolynemial and the minimal polynomial of A. ( 10%)
b) Find the eigenvalues and the corresponding cigenspaces of A. (10%)

(
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(¢) Find the Joden canonical form J for A4, and find a matrix P such that P7'AP = J.
(
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