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1. (15 points) Let T be a linear transformation from R3 to R3 defined by T'(x1, 9, 23) =
($1 — Z9 + 2$3, 25131 + Lo, —T1 — 2172 s 2$3)
(a) Find the matrix representation of 7' with respect to the standard basis
{(1,0,0),(0,1,0), (0,0,1)} of R?.
(b) If (a, b, c) is a vector in R?, what are the conditions on a, b, ¢ that the vector
is in the range of T'7 What is the rank of 17

(c) What are the conditions on a, b, ¢ that the vector (a, b, ¢) is in the null space
of T?7 What is the nullity of T7
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2. (10 points) Let u = (2,1,0), v = (3,0,2) and w = (0,—2,3). Suppose that T
is a linear operator on R3 that interchanges u and v, and maps w to (1,0,0).
Find the matrix representation [T|p of T with respect to the standard basis

B ={(1,0,0),(0,1,0), (0,0, 1)}.

3. (10 points) Let V' be the space of n X n matrices over R.
(a) Show that for any A € V, the set {I, A, A%,-.. , A"} is linearly dependent.
(b) Show that A is invertible if and only if I belongs to Span{A, 42,--- , A"}.

4. (15 points) Let T be a linear operator on a finite dimensional vector space V.
Suppose T is idempotent, that is 72 = T'. Prove that

(a) Eigenvalues of T are either 0 or 1.
(b) V = ker(T") @ range(T).
(c) T is diagonalizable.

5. (15 points) (a) Let T : V — W be a linear transformation from vector space
V to vector space W. Show that T is nonsingular (1-1) if and only if 7' maps a
linearly independent set of vectors in V' to a linearly independent set of vectors
in W. o
(b) Let T': V. — W be a linear transformation from vector space V to vector
space W. Suppose dlmV dim W. Show that 7" is one to one if and only if T is

onto.
-9 4 4
6. (15 points) Let A = | —8 3 4|. Determine whether A similar to a diagonal
—16 8 7
matrix over R. If so, exhibit a basis for R? such that A is similar to a diagonal
matrix.

7. (10 points) Let A be a n X n matrix over the field F. Let A1, A» be two dis-
tinct eigenvalues of A and W;, W5 be the corresponding eigenspaces for A;, Ag
respectively. Show that Wy N W, = {0}.
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8. (10 points) Let V be a finite dimensional vector space over a field F' and dim
V > 2. Let T : V — V be a linear transformation. If there exists a vector v € \%
such that V is spanned by v, T'(v), T?(V),---, prove that the characteristic

polynomial of T is equal to it minimal polynomial.




