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1. (20%) A function f with domain S is said to be uniformly continuous on S if and only if for
every & > 0, thereisa & > 0 suchthat |f(x) — f(¥)| < e whenever lx —y| <4, x,y €S.
(a) show that f(x) = x? is uniformly continuous on the interval (0,1).

(b) show that f(x) = x? is not uniformly continuous on R.

2. (20%) A subset H of a metric space X is said to be compact if and only if every open covering of

H has a finite subcover. Show that a closed subset of a compact set is compact.
3. (20%) (a) Let f(x) = |x|. Show that f is not differentiable on [—1,1].
d 2x )
(b) Find afo tcostdt.

4. A sequence of functions f,;: E = R, where E is a subset of R, is said to converges uniformly on
E to a function f if and only if for every € > 0 thereisa N € N such that
n € N implies |f,(x) — f(x)| < ¢

nx 0<x<2

. n

forall x €E. Let f,(x) =1{2n—nx ,%Sx<%
0 Z<x<1

(@) Find lim /(x)

(b) Find f fn(x) dx

Cop
(c) Find 711im f fan(x) dx
—00 0
(d) Show that f,, doesn’t converges uniformly.

(Hint: If f, - f uniformly on [0,1], then limp_,, fol fa(x) dx = fol f(x)dx.)
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0 ,(x,y)=0

(a) Find £,(0,0) and £,(0,0).
(b) Find f;,,(0,0) and f},(0,0).




