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1. (a) (10 points) Let a, b € Z and d = ged{a, b}. Show that there exists 7 s € Z
such that ra - sb = d.

(b) (5 points) Let a, b and ¢ be integers. 1f a and ¢ arce relatively prime, show
that ¢|ab implies that ¢|b.

(¢) (5 points) Show that p € Z is a prime if and only for all integers a and b,

p|ab implies p|a or p|b.

2. (15 points) Let R = Z[/~1] = {a -+ b/~1]a, b€ Z ).

(a) Show that il 0® + b? is a prime in Z then a - by/—1 is a prime in R. Give
an example to show that the converse is not true,

) Tet «=9+47/=T and f=1-4/=1, Fiud q, r € Rsuch that @ = ¢gB8+r
such that |r| < |8]. :

(¢) Show that if T < R is a non-zero ideal, then R/ is finite.

3. (15 points)
(a) Construct a field I over @ such that 27 + 22 + 2 has a root in F'. Find the
degree of extension of I over Q.

(1) Construct a finite field of 27 elements.

4. (20 points) Let G = (a) be a cyclic group of order n.
(a) Show that, for any d | n, there is a subgroup of order d.
(b) Show that if (r,n) = d, then a® € (a").
(¢) Show that the subgroup (a”) has order Z;’fﬁj.

|

(15 points)

(a) Txplain why non-trivial group homomorphism ¢ : Zg —— Z5 does not
exisf,.

{b) Show that a non-trivial group homomorphism ¢ : Zys —> Zg exist by

exhibiting an example.

6. (15 points) Let I be au integral domain.
(a) Show that every prime element in R is irreducible,
(h) Suppose that R is a PID. Show that every irreducible element in R is a

prirae.




