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1. Let G =< a > be a cyclic group of order n.

(a) Show that for each divisor djn, there is exactly one subgroup of G of order

(b) Find all distinct subgroups of Z,g
(16 points)

2. (a) Let GL(3,R) be the set of invertible matrices and SL(3.R) be the set of
matrices of determinant 1. Show that GL(3,R) is a group under matrix multipli-
cation and SL(3,R) is a normal subgroup of GL(3,R).

(b) Show that GL(3,R)/SL(3,R) is isomorphic to R*, where R* = R — {0}is
the set of nonzero real numbers under multiplication.

(16 points)

3. Let ¢ : G — G’ be a surjective homomorphism between two groups. Let

N’ be a normal subgroup of G’. Show that N = ¢~ '(N’') is a normal subgroup of
G and G/N is isomorphic to G'/N'.
(16 points)

4. Let R be a commutativering. Let N = {a € R|a™ = 0for some positive integern}
be the radical of R.

(a) Show that NNV is an ideal in -f2.

(b) Show that the radical of IX/N is trivial.

(¢) Find the radical of Z,3.

(18 points)

5. Let Q[v3] = {a+bV3]|a, b€ Q}.
(a) Show that under addition and multiplication of real numbers, Q[V3] is a
field .
(b) Show that Q[v/3] is isomorphic to Q[z]/(z* — 3) as rings.
(16 points)

6. (a) Show that 3 4 2z + 1 is an irreducible polynomial in Z3|z].
(b) Show that Zjz]/(z® + 2x + 1) is a field of 27 elements.
(¢) Let a be a root of z° + 2z + 1. Find the inverse of a.

(18 points)
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