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1. Let M(R) = {(

Answer all questions . Show all work.

a b

c d) | a,b,¢e,d € R}, where R is the field of real

- numbers.

a b

(a) Prove that the set T of matrices of the form ( 0

is a subring of M(R.).

) with a,b € R

0 b

(b) Prove that the set I of matrices of the form ( 0 0

) with b € R

1s an ideal in the ring T.

(c) Show that every coset in T/ can be written in form ( 3 2) + 1.

(24%)

2. If f: G — H is a surjective homomorphism of groups and if IV is a
normal subgroup of G, prove that f(INV) is a normal subgroup of G.

(10%)

3. Let G = Zg x Zy and let N be the cyclic subgroup ((1,1)). Describe
the quotient G/IV. (10%) " -

4. Let I be an ideal in a noncommutative ring R such that ab — ba € I
for all a,b € R. Prove that R/I is commutative. (10%)

5. Let Q[v/2] be the set of all real numbers of the form
ro+ V24 ra(V2)E + - (V2)

with n > 0 and r; € Q, where Q is the field of rational numbers.

(a) Show that Q[v/2] is a subring of R.

| (b) Show that the function 6 : Q|z] -+ Q[\/i] defined by 6(f(z)) =
f (\/§) 18 a surjective homomorphism, but not an iIsomorphism.

(20%)

6. (a) Show that Zy[z]/(z + z + 1) is a field.

(b) Show that the field Z,[z]/(z® + z + 1) contains all three roots of
z° + 1z + 1.

(16%)

7. Show that 10 — 15z + 2522 — 7z* is irreducible in Q[z].  (10%)




